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O. 

^S] , Abstract. Let 0' and be isomorphic to any two of the Lie algebras gl(oo), sl(oo), sp(cxD), and so(oo). 

Let M be a simple tensor g- module ([PSt], [PSe]). We introduce the notion of an embedding g' C g 

^ ■ of general tensor type and derive branching laws for triples g',g, M, where g' C g is an embedding of 

^^ ' general tensor type. More precisely, since M is in general not semisimple as a g'-module, we determine 

^~N the socle filtration of M over g'. Due to the description of embeddings of classical locally finite Lie 

f^ . algebras given in [DP], our results hold for all possible embeddings g' C g unless g' = gl(oo). 

m 

H 

j^ ' Given an embedding g' C g of two Lie algebras and a simple g-module M, the branching problem is to 

determine the structure of M as a g'-module. This is a classical problem in the theory of finite-dimensional 
Lie algebras. By Weyl's semisimplicity theorem, when g' is finite dimensional semisimple the branching 
problem reduces to finding the multiplicity of any simple g'-module M' as a direct summand of M. This 
is however not a simple task, due to the abundance of possible isomorphism classes of embeddings g' C g 
([Dy]). Therefore, even for the classical series of Lie algebras explicit solutions of the branching problem 

^^ ' are known only for specific cases. Such solutions are referred to as branching laws or branching rules and 

Q> I examples can be found in e.g. [Z], [HTW]. 



1. Introduction 



In this paper we consider the branching problem for the classical locally finite Lie algebras. These are 
the Lie algebras gl(oo), sl(oo),sp(oo), and so(oo), and they are defined as unions of the respective finite- 
dimensional Lie algebras under the upper-left corner inclusions. Here the situation is quite different from 
the finite-dimensional case. On the one hand, the description of the Lie algebra embeddings given in 
[DP] is much simpler than the classical description of Dynkin in the finite-dimensional case. On the other 
hand, the modules of interest, called simple tensor modules, are in general not completely reducible over 
the subalgebra. Therefore, the branching problem involves more than just determining the multiplicities 
of all simple constituents. One has to determine a semisimple filtration of the given module over the 
subalgebra and it is a natural choice to work with the socle filtration. In this way, the goal of the present 
work is to solve the following branching problem. Given an embedding g' C g of two classical locally 
finite Lie algebras and a simple tensor g-module M, find the socle filtration of M as a g'-module. 

The structure of the paper is as follows. We start by giving some background on locally finite Lie algebras 
and by presenting some finite-dimensional branching laws which are used in the paper. Following the 
description of embeddings of classical locally finite Lie algebras given in [DP] , we introduce the notion 
of an embedding g' C g of general tensor type. In the case g' ^ gl(oo) this notion describes all possible 
embeddings. One of the main results of the paper is Theorem 3.4 which shows that the branching 
problem for embeddings of general tensor type can be reduced to branching problems for embeddings of 
three simpler types. Then in Section 4 we determine explicitly the branching laws for these three types 
of embeddings in the case when g',g = gl(cxD) and M is any simple tensor g-module (Theorems 4.5, 4.9, 
4.11). Since all other cases of embeddings follow the same ideas, we skip the proofs and list the end 
results in several tables in the Appendix. 

Acknowledgements. I want to thank my thesis adviser Ivan Penkov for introducing me to the topic 
and for his support and guidance during my PhD work and during the writing of this text. I would like 
also to acknowledge the DAAD (German Academic Exchange Service) for giving me financial support 
during my PhD studies. 
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2. Preliminaries 



2.1. The classical locally finite Lie algebras. The ground field is C A countable-dimensional Lie 
algebra is called locally finite if every finite subset of g is contained in a finite-dimensional subalgebra. 
Equivalently, g is locally finite if it admits an exhaustion g — IJ^g^ 0« where 

gi c g2 c • • • c gi c . . . 

is a sequence of nested finite-dimensional Lie algebras. The classical locally finite Lie algebras gl(oo), 
sl(oo), sp(oo), and so(cxd) are defined respectively as gl(oo) = Ujgz sK*): sl(cx)) = Uigz sl(i), sp(oo) = 
UiGZ sp(2i), and so(cxd) = Uj^^ so(i) via the natural inclusions gl{i) C gl(j + 1), sl(«) C sl{i + 1), 
sp(2i) C sp(2i + 2), and so{i) C so{i + 1). 

Next, we give an equivalent definition of the above four Lie algebras. Let V and T4 be countable- 
dimensional vector spaces over C and let {■,■): V x V^ ^)- C he a non-degenerate bilinear pairing. The 
vector space F Cg) 14 is endowed with the structure of an associative algebra such that 

{Vi ® Wi){v2 ® W2) — {v2,Wi) Vi (g) W2 

where wi,U2 G V and wi,W2 G K- We denote by gl(F, K) the Lie algebra arising from the associative 
algebra V ^ K, and by sl(F, 14) we denote its commutator subalgebra [gl(F, 14),gl(V^, 14)]- If (•, •) : 
F X V" ^ C is an antisymmetric non-degenerate bilinear form, we define the Lie algebra gl(V, V) as above 
by taking t4 = V. In this case S'^{V), the second symmetric power of V, is a Lie subalgebra of gl(V, V) 
and we denote it by sp(t^). Similarly, if (•,•): V x V —> C is a symmetric non-degenerate bilinear form, 
we again define gl(F, y) by taking Vt, — V and then /\ {V) is a Lie subalgebra of g\{V,V), which we 
denote by so(F). 

The vector spaces V and T4 are naturally modules over the Lie algebras defined above, such that (wi (8) 
wi) ■ V2 = {v2,'Wi) vi and {v2 ^ W2) ■ wi = — {v2,'Wi) W2 for any wi,W2 6 V and 'Wi,W2 € T4- We call 
them respectively the natural and the conatural representations. In the cases oisp(V) and so(F) we have 

F = T4. 

By a result of Mackey [M], there always exist dual bases {^i}i£i of V and {^*}i£i of V* indexed by a 
countable set /, so that {^i,£,j) = Sij. Using these bases, we can identify gl(T^, T4) with the Lie algebra 
gl(oo). Similarly, sl(F^,14) = sl(cx)), sp(V^) = sp(cx)), and so(F) = so(oo). 

In what follows let g = gl(oo),sl(oo),sp(oo), or so(oo). We set F®(P'«) = F®P(g)14®«. If g 9^ sp(oo), so(oo), 
we always consider q — 0. It is shown in [PSt] that l/^fP'?) is in general not semisimple and its socle 
filtration is explicitly described. 

The socle filtration of any module M over an algebra is defined as 

C socM C soc^^^M C • • • C soc('')M C • • • 

where socM, called the socle of M, is the maximal semisimple submodule of M, or equivalently the 
sum of all simple submodules of M. The other terms in the filtration are defined inductively as fol- 
lows: soc(''+i)M = 7r-i(soc(M/soc('')M)), where tt^ : M -J- M/soc^'^^M is the natural projection. The 
semisimple modules soc(''+^)M := soc(''+^)M/soc*^'')M are called the layers of the socle filtration. We 
say that M has finite Loewy length I if the socle filtration of M is finite and I = min{r|soc'^''''M — M}. 

The following three properties of socle filtrations will be very useful in the sequel. 

• If ^ C M, then for aU r 

soc('')7V = (soc('''M)niV. (1) 

• If Ml and M2 are modules over the same algebra and M = Mi D M2, then 

soc('')m = (soc^'^^Mi) n (soc('')M2). (2) 

• If M and N are any two modules over the same algebra, then 

soc(''^(M ©TV) =soc(''^M©soc('')7V. (3) 

(r) 

In what follows, if M is a module over the Lie algebra g we will use the notation socg M instead of 



soc 



Wm. 
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When Q ^ gl(o<2)) "^6 set V^P'"^^ = soCgV^'^P'''\ It is also the maximal semisimple submodule of T/'^(P'9) 
for g ^ sl(oo) ([PSt]). For g = sp(oo), so(oo) the maximal semisimple submodule of V^^ is denoted 
respectively by T^^^^ and Vl^l. 

By definition, a g-module M is called a tensor module if it is a subquotient of a finite direct sum of 
copies of ®„ 1 „<^ Y^iP'i) for some integer r. If M is simple, being a tensor module is equivalent to 
being a submodule of 1/®(P'«) for some p,q ([PSt]). Moreover, it is shown in [PSt] that there exists 
a choice of Borel subalgebra b in g such that all simple tensor modules are b-highest weight modules. 
For g = gl(oo), sI(cxd) the simple tensor modules coincide. Their highest weights are given by pairs of 
non-negative integer partitions (A, /i) and we denote them by Vx^fj,. If Vx,^ C 1/®(P'9), then |A| = p and 
|/i| — q. For g = sp(c>o), so(oo) the simple tensor modules are denoted respectively by V(^x) a-nd V[;^], 
where A is a non- negative integer partition. If V^;^^ C V^^ or respectively V[\] C 1/®p, then |A| = p. The 
simple tensor modules are constructed explicitly in [PSt] using a generalization of Weyl's construction 
for irreducible gl(n)-modules (see [FH]). 

Next, let g' C g be an embedding of two classical locally finite Lie algebras. Then the following theorem 
holds. 

Theorem 2.1. [DP] Let g = gl(cxD), s1(oo),sp(cxd), or so(cxd) and let g' be a simple infinite- dimensional 
subalgebra of g. Let V and V* be respectively the natural and conatural represenations of q. Similarly, let 
V and Vl be the natural and conatural representations of g' . Then 

&oc„,V^kV' ®lVl®Na, V/soc.,V^Nb, 

soCg-K ^IV ® kVl © 7V„ K/soCg^K = ^d, 

where k,l G Z>o such that at least one of them is in Z>o, and Na, Nf,, Nc, and Nd are finite- or 
countable- dimensional trivial q' -modules. 

We denote a = dimA^'a, b = dim A^;,, c = dimA^c, and d = dim A'^^- 
Motivated by Theorem 2.1 we give the following definition. 

Definition 2.1. An embedding q' C Q of two classical locally finite Lie algebras is said to be of general 
tensor type if it satisfies property (4). 

In view of Theorem 2.1, all possible embeddings g' C g are of general tensor type under the assumption 
that g' ^ gl(oo). 

It is proven in [PSe] that if g' C g is an embedding of simple classical locally finite Lie algebras and M is 
a simple tensor g-module, then M has finite Loewy length as a g'-module and all simple constituents in 
the socle filtration of M as a g'-module are simple tensor g'-modules. It is not difficult to show that this 
holds moreover for any embedding of general tensor type of any two classical locally finite Lie algebras 
(Proposition 3.2). This fact and Theorem 2.1 are one of the first motivations for considering the branching 
problem in the context of classical locally finite Lie algebras. 

2.2. Some finite-dimensional branching laws. An embedding fi C f2 of finite-dimensional classical 
Lie algebras is called diagonal if 

^2 I fi = Vl (B ■ ■ ■ ® Vl ®V* ® ■ ■ ■ (B V^ (B Ni (B ■ ■ ■ S) Ni 
^^^^^^.^^^^^^^^ \^^^^^_^^^^^^^^/ ^^^^^^_^^^^^^^v^ 

I r z 

where Vi is the natural fi-module {i = 1,2), V^ is dual to Vi, and A^i is the trivial one-dimensional 
fi-module. The triple {l,r,z) is called the signature of the embedding. 

Proposition 2.2. [Z] [Gelfand-Tsetlin rule] Consider an embedding gl(n — 1) — > gl(^) of signature 
(1,0,1). Let A = (Ai,...,A„) be a non-negative integer partition and let V^ denote the irreducible 
highest weight g\{n)-module with highest weight A. Then 



•^A igi(«-i) - KV <^ ' 



where a — (cti, . . . , ct„_i) runs over all integer partitions which interlace X, i.e. such that 

Ai > cTi > A2 > 0-2 > • • • > A„_i > cr„_i > A„. 
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The Gclfand-Tsctlin rule can be iterated to obtain a branching law for cmbcddings of gl(n) into g\{n + k). 
Proposition 2.3. Let gl{n) — > gl(n + fc) be an embedding of signature (1,0, fc). Then 

(7 

where the multiplicity m^ ^ is the number of possible sequences of weights 

A — (Ai, A2, . . . , A„+fc_i, A„+fe), 
cr^ = (cri,CT2,...,CT^+fc_i), 



<T ={<T^ ,---,Cr„+fc_2J> 

a ~ {(7i,. . . ,cr„) 
such that each consecutive row interlaces the previous one. 

In what follows we will refer to the numbers m'l ^ as Gelfand- Tsetlin multiplicities. 

Next, we consider enibeddings of signature (fc,0, 0). Let A and /i be two non-negative integer parti- 
tions with p and q parts, where p + q < n. Let V^ denote the irreducible gl(n)-module with highest 
weight (A, p) ~ (Ai, . . . Ap, 0, . . . 0, —pq^ . . . , —pi). We will derive the desired branching rule as an easy 
generalization of the results in [HTW] . 

Consider first the block-diagonal subalgebra gl(n) © gl(m.) C gl(n + m). By Theorem 2.2.1 in [HTW] we 
have the following decomposition: 

rrn+m r^ /TN „(^,t^) T/n ^ T/m 

where 

7+ ,7^ .5 

and the numbers c^ are Littlewood-Richardson coefficients. Next, we consider the direct sum of fc > 2 
copies of gl(n) as a subalgebra of gl(fc?T.) by block-diagonal inclusion. Then one can iterate the above 
branching rule to obtain the following: 

^A'M^gi(„)e...eg,(„) - ^(/^+!...,/3+)(/^r.-A-)^/5"+ A- ®"'® ^k^^u ' ^^^ 

/3r,-A" 



(/3+,...,/3+)(/3-,...,/3-) Z^ (a+,ar)(/3+,/3r) (a+,a-)(;3+ A") ' " ' (a+_2.".T_,)(0+_2^/3^-2) (/S^l ^/3^-l)('3fc+ AT ) ' 



"1 .•••"fc-2 



The next step is to consider the gl(n) © gl(ri)-module F^^ ^_ Cg) FIV „_ . By Theorem 2.1.1 in [HTW], as 
a module over the subalgebra gl(n) — {x ® x\x G gl(n)}, VJV ^_ (g) VT-|. ^_ has the decomposition 

A',/x' 

where 

A>^\fJ-') _ ST^ a+ /9" Q- 0+ A' m' 

'^(Q+,a-),(^+,/3-) ^ Z^ ^ai7i "2^1/32^^172 ^2^2 '^a2ai'^fcft- 

ai,Q2,/3i,/32 
71 ,72 

Iterating this branching rule, we obtain for fc > 2 
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where 

a+,...a+_2 



The coefficients C,'+' „+,,„- „-, and D):^ ' „+,,„_ „_, are defined only for k > 2. For convenience 
we extend these definitions to the case k — 2 hy setting 

(,3+,/3+)(/3rA") (/3 + ,,3+),(ft-A")' 

r)(-**'>^') _ jI-^'^A*') 

(/3+,/3+)(,3-,;3-) "(/3^/32+),(/3^A^)■ 

Now we can combine (5) and (6) in the following proposition. 

Proposition 2.4. Let gl(n) C gl{kn) be an embedding of signature (fc,0, 0). Then 

ykn c^ (T\ ^(A^/j) jj{X',fj,') yn 

A ,^ 
3. EMBEDDINGS of GENERAL TENSOR TYPE 

The main goal of this section is to prove Theorem 3.4 below. 

We start by introducing some useful notations. Let q' ,q be any two classical locally finite Lie algebras 
and lei ip : q' ^ Q be an embedding of general tensor type. We define bases {v'j}i^i and {v'*}i^i for V 
and VI in the following way. When g' = gl(cx)),sl(cx)), we take / = Z>o and {w^jig/ and {v'*}i(zi to be 
an arbitrary pair of dual bases. When g' = sp(oo), we take I ~ Z\ {0} and {u^}ig/ to be a symplectic 
basis for V, i.e. such that (v[,v'j) = sign(i)5j+j^o- Then for the dual basis {v'*}i^i we obtain v'* = v'_^ 
and v'*^ — —v[ for any i > 0. Similarly, when g' = so(oo), we take I — Z\ {0} and {wijie/ to be a basis 
of V' with the property that (w^,u') — (5i+j,o- Then for the dual basis {v'*}i^i we obtain v'^* — v'_^ and 
v'*i — v[ for any i > 0. 

Having fixed bases {u^jig/ and {u^*}ig/ as above, for any i,j G Z>o we define 

if g' = gl(oo),sl(cx)) 
if g' = sp(oo) 
if g' = so(oo). 





[ v[<»v'* 




v-<S>v'* = } v'^CSi v'_j + v'_j ® v[ 




\ v[® v'_j - v'_j ® w- 


Then, {v'^^v'*) ■ v', = 


= 6sM and {vl^v'*) ■ v'f ^ -Ss^v'*. 


Next, let 





socg'T/ = Fi © • • • ® Vfc © Vfe+1 © • • • © Vk+i © Na, 

(7) 
socg- K =: V"i* © • • • © Vfe* © Vfe+1 © • • • © Vfe+i © Nc, 

where Vj = V for j = 1, . . . , fc and Vk+j — K' for j = 1, . . . , /. Similalry, V* ^ FJ for j — 1, . . . , fc and 
tfe*^ . = T/' for j = 1, . . . , I. Let {w^jig/, {w^*}^^/ be as above. We construct the following bases of V and 
V* respectively: 

{{vi}iei,j=i.....k U {w- }ie7j=i,...,i U {zi}iei^ U {xjig/j, 

{{«r}je/j=i,...,fc U {wf }jG7j=i,...,i U {tjjjG/, U {2/j}je/J, 
where z;^ denotes the image of w^ into V} for j ~ 1 , . . . , fc and wj is the image of v'^* into Vfc+ j for 
j = 1,. . . ,1. We proceed similarly with vf* and w^*. Furthermore, A = {zi}i^i^ and C — {ti}ig/^ are 
bases respectively for Na and A^c as submodules respectively of V and F, , where la and Ic are index sets 
with cardinalities a = dimiVa and c = dimiVc. Similarly, B — {xijig/j, and D = {yi}i^i^ are bases of 
A^6 and Nd considered as vector subspaces of V and F* , where /;, and Id are index sets with cardinalities 
6 = dim Nf, and d = dim A^^- 

Then we have the following proposition. 
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Proposition 3.1. Let q' , q, and Lp he as above. We take decompositions of soCgiV and soCg'T4 as in 
(7). Then Vi (B • ■ • (B Vk+i and Vj* ® • • • © V^*^; pair non-degenerately. Furthermore, for each i in the 
respective index set, Zi pairs trivially with all elements from V* ® • ■ -(B V^_^i and Xi pairs non-degenerately 
with infinitely many elements from V^ © • • • © Vk+i ■ Similarly, ti pairs trivially with all elements from 
Vi © • • • © Vk+i and yi pairs non-degenerately with infinitely many elements from 14 © • • • © Vk+i ■ 

Proof. We fix decompositions of soc^iV and S0Cg'14 as in (7). Tlien for i,j, m, n in tfie respective ranges 
we have 

(^Vf,tm) - {^{vl®v':) ■ Vi,tra) = - {v^ ^{v[®v':) ■ t^) = 0. 

Suppose now that w^ pairs trivially with all elements from soCg'T^- Then there exists ym such that 
(vj,ym) ^ 0. But then 

(vi,y,n) = (^ip{v[®v'*) -vj^yj^ = - {^w^, ^(w^^wf ) ■ y„,j ^ (^vj,vj 

for some v G soCg'T4- Hence, (vj,v) j^ 0, which contradicts our assumption. This implies that Vi © • • • © 
Vk+i and V{ (B ■ ■ ■ (B V^^i pair non-degenerately. 

Suppose next that ym G Nd pairs non-degenerately with finitely many elements from Vi © • • • © Vk+i . 
Then, there exists v G V"i* © • • • © 1^*+; such that ijm — ym — v pairs trivially with Vi © • • • © Vk+i . But then 
fig') ■ Vm = for all g' G g' which contradicts with the definition of Nd. This proves the statement. D 

We investigate further the properties of the decompositions of socg' V and socg' T4 . Notice that 

[viy^) = {v{v[®v':) ■ vi,vz') = {vi^{v[®v':) ■ <r) = -5.™ {vIvt) 

for all i, J, TO, n, s. Hence, ( vl , u™ ) = for all j, n and for i ^ m. In addition, 

{<,vT) 

for all i,j,n,s. In the same way, ( wj , w™ ) = for all j, n and for i ^ m and ( w^ , w™ ) — (v^ , w*") for 
all i,j, n, s. 

In a similar way we prove that ( vj , w*" ) = and ( w^ , w*" ) = for all i, j, to., n. 

The above consderations and Proposition 3.1 imply that for any j and m, the spaces Vj and Vj^ pair 
either trivially or non-degenerately. Furthermore, for each j there exists m such that Vj and Vj^ pair 
non-degenerately and {vf}, {w*™} (resp., {w^}, {w*"^}) is a pair of dual bases. 

The following proposition now holds. 

Proposition 3.2. Let g be any classical locally finite Lie algebra and M be a tensor Q-module. 

(i) Let Q — sl(V, T4)- Then any embedding sl(T^', Vl) C can be extended to an embedding gl(T^', Vl) C 
gl(y, 14) of general tensor type. Furthermore, the socle filtration of M over s\{V' , Vl) is the same 
as the socle filtration of M considered as a gl(t^, V^:)-module over g\(V' , V^). 
(ii) Let Q ^ sI(cxd). Then any embedding sl(V', T^') C g can be extended to an embedding gl(V^', V^) C g 

(r) (r) 

of general tensor type. Furthermore, soc^wV,, y,\M — soc ^!y, y,\M. 

Proof. Part (i): We fix decompositions of the sl(y, T4)-modules V and T4 such that for each j there exists 
a unique to, with the property that Vj and T^* pair non-degenerately. These exist due to the discussion 
above. Let ip denote the embedding ii\{V' ,Vl) C g. Then 

<^(W- ® v'*) = v} ® v]* A h wf © v'l* -wl®w}* w[® 10-* , 

ip{v[ © v'* -v'^® v'*) ^v} © v}* - vl ®vl* ^ h wf © wf* - w^ © w^* + 

w\ © w\* - w] ®w]* A h w[ © wl* - w\ © w-* 



«^«r 
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for all i ^ s. We can naturally extend ip to an embedding ip : g\{V',Vl) -^ gl(y, 14) by setting 
(piv[ (g) v[*) = «! «!* H h Wi ® Wi* - Wi ® Wi* w[^ w[*. 

Next, let M be as above. From [PSt] we know that the set of tensor gl(y, T4)-modules coincides with the 
set of tensor sl(V, T4)-modules. Then M is both a tensor gl(V, t4)-module and tensor sl(V, t4)-module. 
We will use the notation Mgi (resp., Msi) to mark that we consider M as a gl(V,t4) (resp., sl(V,t4)) 
module. Then, on the one hand, we have the chain of embeddings 

sl(F',K')csl(T/,K)cgl(F,K). 

This chain yields the following equality for every r: 

socl[(V' , v: ) *^^i == soc^[(V, y,^Mgi. (8) 

On the other hand, we have the chain of embeddings 

sl(t/',K')cgl(r,K')cgl(F,T4), 

which yields the equality 

From (8) and (9) the statement follows. 

The proof of part (ii) is analogous to the proof of part (i). D 

As a result of Proposition 3.2 we can exclude from our considerations below all cases of embeddings which 
involve sI(cxd), since they are equivalent to the respective cases which involve gl(cx3). 

Proposition 3.3. Let q' d q be an embedding of general tensor type. Then there exist intermediate 
subalgebras Qi and 02 of the same type as q such that fl' C 02 C 0i C and the following hold. 

(1) The embedding 0i C has the properties: 

socg, V^Vi®Na^, V"/soCgi V^Nb, 

socgjK = Vi, ® iVci, K/socjjiV; = Nd, 

where 

Na, ={ve Na\ {v,N,) = 0} and N,, = {w E N,\ {Na,w) = 0}. 

(2) The embedding 02 C 0i has the properties: 

where Na2 and Nc2 are such that Na = Na-^ ® -/Va2 and Nc = Nc-^ © Nc^ • 

(3) The embedding q' C 02 has the properties: 

V2 = kV ® IV;, V2, = IV ffi fcv;'. 

Proof. We take decompositions oi soCgiV and soCg'K as in Proposition 3.1. Set 

V2 = v^i © • • • e Vk+i, V2* = v^r ® • • • © v^+i. 

Then Proposition 3.1 yields that V2 and V2* pair non-degenerately. If ^ gl(oo) we put 02 = V2 ® V2*. 
Similarly, if = sp(oo) then 02 = S^V, and if = so(oo) then Q2 ~ /\ V. 

Next, let A and C be as above. Let Ai — {Zj'}ie/„ consist of those elements in A which pair trivially 
with all elements in C, and analogously let Ci — {t[}ieia consist of the elements in C which pair trivially 
with all vectors in A. Let A2 — A\ Ai and C2 — C \Ci and denote their elements respectively with z'/ 
and t" and their index sets with Ia2 and Ic2 ■ Now set 

T^i = T/2 © spanjzf },e/^^ , Vi* = V2* © span{i^'},g/^^ . 

Then Vi and Vi^ pair non-degenerately and if = gl(oo) we put 0i = T^i (8) V^i*. We proceed analogously 
in the other cases. 

The Lie algebras 0i and 02 satisfy the required properties. D 

We now state the main theorem for embeddings of general tensor type. 
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Theorem 3.4. Let q' C Q be an embedding of general tensor type. Let M — V^^''^^ for g = gl(oo), 
M — V^P' for Q = sp(cxd), and M = V^^' for g = so(oo). Let Qi and 02 be intermediate subalgebras of the 
same type as q, such that the chain s' C 02 C fli C satisfies the conditions of Proposition 3.3. Then, 
for any N CM, 

l-\-rn-\-n—r 

Motivated by Proposition 3.3 and Theorem 3.4 we give the fohowing definition. 

Definition 3.1. Let g',Q be a pair of classical locally finite Lie algebras. 
(i) An embedding q' C Q is said to be of type I if q' ^ q and 

socg. V^V'^Na, V/soCs'V 9:^ Nb, 

socg/ V; ^ K' ®Nc, V; /socg' V^^Nd, 

where Na and Nc pair trivially. 
(ii) An embedding 0' C is said to be of type II if 0' ^ and 

v = v'® Na, v; = v: © N,. 

(iii) An embedding 0' C is said to be of type III if 

V^kV'elV^, V,^lV'®kV.l. 

Before proving Theorem 3.4 we need some preparational work. More precisely, in the following paragraphs 
we describe the socle filtrations over 0' of the 0-modules V^P''"^^ , V^^"^ , and V^p^ when we have embeddings 
of type I, II, III. When 0' C is of type I or II, to simplify notations we will consider that V' C V and 
K,' C K and we will not make use of the notations Vj, V*, introduced in (7). 

Let first 0' C be an embedding of type I. We have the following short exact sequence of 0'-modules 

O^V ®Na^V ^ Nb^O. (10) 

For each index I < i < p we define 

Li : V'^P -^ V^'-^ (g) iVfc V'^P-', 

Li = id (g) id (g) • • • (g) id (8) / (g) id (g) • • • (g) id, 

where / appears at the i-th position in the tensor product. In what follows, without further reference 

we will use the standard isomorphism y®*-! g) TV?, g) V'^p-' ^ V'^P''^ g) Nb and consider Li : V^p ^• 
Y<g>P-i ^ ^^_ 

Similarly, for each collection of indices 1 < ii < J2 < • • • < *fc < P we define 

i^l,...,^, : V^P -^ V'^P-'' g) iVf ^ 

Lii,...,i^ = id g) • • • g) id g) / g) id g) • • • g) id g) / g) id • • • g) id, 
where the map / appears at positions ii through ik in the tensor product. When fc = 0, we set Lq = id. 
In a similar way, when 0',0 = gl(cxD) we take also the short exact sequence 

^ K' © ^c A K A iVd ^ 

and define 

M,,,...,,, : K®'' ^ Vf'^^'' g) Nf\ 

Mi-,^...,i^ = id g) • • • g) id g) g g) id g) • • • g) id g) 5 g) id g) • • • g) id, 

where the map g appears at positions ii through ik in the tensor product. When k — 0, we set Mg = id. 

Next, let M — V^P''^^ (respectively, V^p\ V^p^). Then we have the following proposition. 

Proposition 3.5. Let q' C Q be an embedding of type I. Then 
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(i) ifQ^ gl(oo) 



(r) 

soc. 



ni-\-n2—r ni+n2— r 

il<---<ini il<---<ini 

jl<---<j,i2 Jl<-<in2 

(ii) ifg^ sp(oo),so(oo) 

il<---<ir ii<---<ir 

Proof. Part (i): Denote 



4:i= n kerL,,....,,„^®M,,....,,„^. 



"1+12='" 

il<---<i„i 
jl<---<J„, 



Then Sp^g consists of all elements u G \/®(P'9) such that each monomial in the expression of u contains 
at most ni entries outside of soCg'T^ and at most n2 entries outside of soCg'T^ for some ni + n2 = r. 
In particular, 4^^ = (soCg.y)®^ ® (soCg'T4)^«. To show that S^p} = soc^^V^P'''^ we need to check two 
properties: 

(a) for any u e (4y9^^My{P'«>)\ (4yg+^^ ny{P'«>) there exists g e U{q') (where U{q') is the universal 
enveloping algebra of q') such that .g • u e {S^p,t^'^ n yiP-?}) \ (^y^ n y^P'?}); 

(b) the quotient {S^p^q^'^ n V^P^'^'<)/{S'f}q n y{P'«}) is semisimple for any r. 

Proof of (b): Notice that 

s^p}q n WP'«> = ((F' © 7Vj®p {vi © 7Vc)®«) n f^p^«>. 

Since Na and A^c pair trivially, this implies that 

5(1) n T/^P^^> - Q ("^"j ATffc ^ TVf ' ® T/'{P-'='«-'>, (11) 

fc=0 i=0 ^ ^ ^ ^ 

which is a semisimple g'-modulc. 

Next, for any fixed rii and n2 and sequences ii < • • • < i„j and Ji < • • • < Jn2 

Moreover, if ni + n2 = r for some r then 

Hence, 

in,...,.„, ® M,,,...,,„^ (4:+i) n Wp'''>) c <"^ ® ivr^ (4-^„„,-„2 n T/tp— ''-"^>). 

Thus for any r we have a well-defined injective homomorphism of g'-modulcs 



<"^ ® TVr^ ® {Sfln,,q-n2 n V^^P— «-"^>). 



ni+n2='' 
ii<---<i,n 



ni+«2='' 
il<---<i„i 
il<---<jTi2 



This proves (b). 

Proof of (a) : As before we take bases of V and T4 of the form 

We take also u G 5*^^,; ^ n yfP'^^ and we write it as m = X]i=i '^j'"j '8) u^, where each m is a monomial in 
T^'^P and each u* is a monomial in V®'^ . Then we take gi = v'^ ® z;;'* such that w^ satisfies: (v'f. ,yj) j^ 
for at least one j/j that enters the monomial ul; (w^^ , w'*) = for all v'* in uiJ; and w^^ does not appear in 
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any Ui. Similarly, v[* satisfies: (xj^ v[*j ^ for at least one Xj that enters the monomial ui\ (y',^ v[*j = 
for all w' in ui; and v'^* does not appear in any u* . Then 

After defining inductively gi, . . . 5i-i, if (ffi-i o • ■ • o gi) ■ m® u* is not in the desired space, we define gi 
in the same way as we defined gi. Finally we set g = g^^ o ■ ■ ■ o gi and then g ■ u satisfies (a). 

The proof of part (ii) is analogous (and actually simpler). D 

Remark. Notice that if q = then (11) can be rewritten as 

which is semisimple without any conditions on the pairing between Na and Nc. Thus, for the gl(oo)- 
modules V^^ and t^®^ Proposition 3.5 holds even without the requirement that Na and Nc pair trivially. 

Corollary 3.6. //0',0 = gl(oo) then 

socJ+'V^P^''> = ( J2 (socJ^+'V^P) ® (socJ^+^V®'^)) n V^P'^il 

Proof. Notice that 

n ker(L,,,...,,„^®M,,,...,,„J= ^ ( f| kerL,,,...,,„^^J ® ( f| M,,,...,,„^^J. 

ni+n2=r+l ni+n2=r ii<---<i„j+i jl<---<in2+i 

il<---<ini 

n<---<Jr,2 

This proves the statement. D 

Next, let g' C be an embedding of type II. Then Na and Nc have the same dimension and there is a 
non-degenerate bilinear pairing between them, which is the restriction of the bilinear pairing between V 
and 14- Let {zi}i^i^ and {ti}i^i^ be a pair of dual bases for Na and Nc- We define a new bilinear form: 

(•,•), :FxK^C 

such that {zi,tj)^ = Sij and for all other pairs of basis elements from V x V^ the bilinear form is trivial. 
If = gl(cx3), for any pair of indices / — {i,j) with i G {1, 2, . . . ,p} and j G {1, 2, . . . , q}, we define the 
contraction 

$ . Y^ip,q) _^ Y'S>{p-i,q-i) 

■ui (gi • • • (8) Mp (g) u* (8) • • • (8) M* i-^ (ui, M*)^ Ml (g) • • • (8 Ui 8) • • • 8) Mp (8 ut '^ • • • (8 u* 8) • • • 8) Wq 

for any Ui G T^, u* G T4- Similarly, for any collection of pairwise disjoint index pairs /i, . . . , /^ respectively 
from the sets {1, 2, . . . ,p} and {1, 2, . . . , g}, we define the r-fold contraction 

<J)^ ^ ■ Y^iP.q) _^ Y^{p-r,q-r) 

in the obvious way. 

If ^ sp(cxd), so(cxd), for any pair of indices / — {i,j) with i < j G {1, 2, . . . ,p} we define the contraction 

Wi 8) • • • 8) Up (-^ (ui, ■Uj)j ui 8) • • • 8) Wi 8) • • • 8) Uj 8) • • • 8) Up 

for Ui G T^. In a similar way we define the r-fold contraction $/j /^ : V^^ -^ yi8(p-2r) 

Next, let M = l^ip.?} (repsectively, F<p\ F^pI) and let the restriction of ^i,^...j^ to M be denoted by 
^/i,...,/r again. Then we have the following proposition. 

Proposition 3.7. Let q' C Q be an embedding of type II. Then 

soc'g?M= Pi ker$/,,...j^. 

7i,...,7, 
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Proof. Wc prove it for the case g' = = gl(oo). For the other two cases the proof is analogous. Denote 
similarly as before Sp^q = \\j j ker<l)/j^...j^. Then, 



t— n /— n \ / \ / 



(12) 

k=Q l=Q \ / \ / 

where for any fc, I 

^i'"''^ = (p|ker$7) n (N^'' ® Nf). 
I 

This proves that Sp^q is a semisimple g'-module. Then for each disjoint collection of index pairs Ii, . . . ,Ir 

^ ll:...,lr\^p.q / — ^p—r^q—r' 

In this way the following is a well-defined and injective homomoprhism of g'-modules 

XJ^ 'P7l,...Jr • '^p,q /^p,q ^ \JP ^p-r,q-r- (13) 

Here {/i, . . . , Ir} denotes the set of index pairs /i, . . . , /^ without considering their order. Then from (13) 
the semisimplicity of the consecutive quotients follows. 

To show that this filtration is indeed the socle filtration of V^'P''^\ we take u G Sp^q \ Sp^q . Then 
without loss of generality, u = ui + ■ ■ ■ + Us for some s such that 



■ui =Zii (8) • • • (8) Zi^^^ (8) Mil 8) iii (8 • • • 8) i^^+i - 
2:^2 8) • • • 8) Zi^_^^ (8) uii 8) Wfc* 8) ti^ 8) 
w^ 8) 2;i3 8) • • • 8) Zi^+i 8) un 8) iji 8) w^* 8) tig 8) • • • 8) ii,+i 



Wfc 8) 2;i2 8) • • • 8) 2:^^+1 8) uu 8) w^* 8) ti^ 8) • • • 8) U^^-^ - 



2ii 8) • • • 8) ^i, 8) Wfc 8) Mil 8) iii 8) • • • 8) ii, 8) Wfe* + M12 
where w^, w^* is as before a pair of dual basis elements from V' 8) V^, Un £ y'ip-r-i.q-r-i} ^ ^^^ 

U12 G Sp^q . The elements M2, . . . , Ms have a similar form. Notice that if m^ appears at most m times 
in any monomial in the expression of mh, then it appears at most m + 1 times in any monomial in mi. 
Hence, for j = 1, . . . , m + 1, if we take 



..' ^ ..'* 



9j = % '» Vk 

such that for all j, m^. ^ V does not appear in the expression of u and pairs trivially with all entries 

in Mil, then [gi o • • • o (^„i_|_i)(mi) G S'p^q \ Sp^g. We can do the same procedure for M2, . . . , Ms and this 
completes the proof. D 

Next, let g' C g be an embedding of type HI. Let 

V ^Vi®---®Vk® Vk+1 © • • • ® Vk+i, 

K - 14* © • • • © T4* © n+i © • • • © n+i 

be decompositions of V and T4 as in Proposition 3.1 with their respective bases. Then 

ii,...,ip 

where ii, . . . , ip, j'l, . . . , jg — 1, . . . , fc + / are not necessarily distinct indices. Notice that each Vi-^ 8) • • • 8) 
V"ip 8) T^* 8) • • • 8) V* is isomorphic to T/'®(p'^'J') for some p' and q' with p' + q' = p + q. 

Let Ji, . . . , Js be a collection of disjoint index pairs («, j), where i ^ j — 1, . . .p + q. We want to define 
a map $ji,...,j^ on T^^CP'?) such that on each subspace Vi^ 8) • • • 8) Vi^ 8) V^* 8) • • • 8) V^* , $Ji,...,j, is the 
contraction with respect to the bilinear form on V x V^. 

We proceed in the following way. We define a bilinear form (•, •)^ : {V © T4) x (F © K) — ?> C by setting 
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for all Si, S2 ~ 1, . . . , fc and all S3, 54 = 1, . . . , L In addition, all other pairings of basis elements are trivial. 
Let Ji, ..., Js be as above. Let 

be the contraction with respect to the bilinear form (•, •)^, where s' + s" == 2s. In the case g = sp(oo) or 
g = so (00) the above can be rewritten as 

$'^ ^ . -^/®p _^ ^®(p-2s)_ 

It is not difficult to prove that $j^ j^ is a g'-module homomorphism. Notice that $j^ j^ acts on 
Vii (8) • • • (8) Vip (8) V^* (8) • • • ® V^* either as the usual contraction with respect to the bilinear form on V x Vl 
or as the zero map. 

Next, let -Ki^....^i^ denote the projection of F^Cp^?) onto the subspace Vi^® ■ ■ ■ ®Vi^ ®V*^® ■ ■ ■ ®V* . 

Then we set 
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ll,...,lp -'-'■ '■' 

Now the following proposition holds. 

Proposition 3.8. Let q' d q he an embedding of type III. Then 



socJV®(P^«) = Pi kerl>j, 



Jr 



Proof. Property (3) of socle filtration implies 

socJV®'"'") = soc[:^V^,(®■■■®V^^®V*^®■■■®VJ 



3g 



ii,...,ip 

jl,---Jq 



Moreover, from Theorem 2.2 in [PSt] it follows that 

soc*';)!/,, ® • • • V^.p f,: • • • f,; = fl ker$'^^_...,^J^^^^...^^^^^^. ^...^^^.^ . 



Jl,---,Jr 



Then, 



socJV^^P'") = fl kcr$'^^ 



i-i ,...,ip J\,...,Jr 



fl n ker($'^^_..._^^o^,,,...,,p)= f ker$j,,..., 

il,...,ip Jl,...,Jr h,---.Oq Ji,...,J^ 

h,---,iq 



u 



We are now ready to prove Theorem 3.4. 

Proof of Theorem 8.4. We fix bases of V and V^ as in Proposition 3.1. We take the short exact sequences: 

O^kV® IVl ® Na, ®Na^^V ^Nb^Q, 
O^lV ® kVl ® Nc, © 7Vc2 A K A iVd ^ 

and define the homomorphisms Li-^^,,,_i^ and Mj-^_,,,j^ as in the settings for embeddings of type I. For 
g ^ sp(oo),so(oo) we always take n2 == 0. Recall that if M = \/{P'9} then 

and similarly for the other cases. 



BRANCHING LAWS FOR TENSOR MODULES OVER CLASSICAL LOCALLY FINITE LIE ALGEBRAS 13 

Next, wc define a pairing (•, •)j on V^ x t4 as in the settings for enibeddings of type II. More precisely, we 
set 

{Zi,tj}^ — [Zijtj) — Oij 

if Zi G Na2 and tj <E Nc2 ■ Moreover, we take all other couples of basis elements from V x 14 to pair 

trivially. Then we define the contraction maps $/j /^ : M — > M' with respect to the pairing (•,•)(. 

Here M' = y{p--m.,q-m} ^^j. j^ ^ y{p,q} ^ ^nd similarly for the other cases. If m = we set $o = id. It is 
not difficult to see that for any choice of m and of disjoint index pairs /i, . . . , /„, the maps '^i^....j^ are 
homomorphisms of g2-niodules and hence also of g'-modules. 

Similarly, we define $j^ j : M ^ M" to be the contraction with respect to the bilinear form (•, •)^ 
defined by (14) and such that all other basis elements from {V © 14) x {V ® V^,) pair trivially. As in the 
settings for Proposition 3.8 we set 

'^^^,...,^^ : M ^ fi, (^ • • • (g) fi^ (g) f/^ (g) • • • (g) V*^ . 

Note that the map ■Ki-i^....i^ is not a g'-module homoniorphism, it is just a linear map. Then as before we 

3l:---,jq 

define 



^Ji,...,j, = $'ji,...,J, °'^n,...,ip> 



2l,...,2p Jl;----Jq 

31 ■.■■■, jq 

which again is just a linear map. If ^ = we set $o — id. 

Note that wc defined the maps ^j^,....j^ and <I>/i,...,/„ for M being equal to ytP'«J, V^p\ and V^'p\ To 
simplify notations, when we have modules of the form TV®""^ g) JSff"'^ g) M we will denote the maps 
id g) id g) $jj^....j, and id g) id g) $/j_....7^ again respectively by $,/j.. .._,/, and $/j_....7^. 

Now, for any r > we define 

5W(M) = fl ker$j„...,j, o $/„...,,„ o (i,„...,,„^ ® M,,,...,,„J. 

l-{-m-\-n—r 

ni+n2=n 

ii,...,i„j,ji,...,j„2 

/l,...,/™ 
Jl,-,Jl 

If = sp(cxd), so(oo) the above can be rewritten as 

5M(M) = fl ker|.j,,....j, o $/,,..../„ o L,,,...,,„. 

ii ,...,in 
Ju-,Ji 

For shortness, we write S''^''^ instead of S'^^^{M) when M is clear from the context. 
Now the following three properties hold: 

(1) S''^'"'' is a g'-submodule of M for every r (see Lemma 3.9); 

(2) for any u G S^''+^^\S^''+^'> there exists g G U{g') such that g{u) G 5(''+i) \5(^) (see Lemma 3.10); 

(3) S^'^^^'' / S'^^'' is a semisimple g'-module and 

S(r+1)/Sir)^ SOc(' + ^)(s0C^T^^'(s0C^r^^M)) 
l+ni'^n—r 

(see Lemma 3.13). 
Furthermore, if A^ is a submodule of M , then Lemma 3.13 yields 

(5(^+1) n iV)/(5('-) n A) = socJ+^)(soc^7+^\soc(:+^'a^)). 

l-\-rn-\-n—r 

Thus the statement of the theorem follows. D 

Below we give proofs of the key lemmas used in the proof of Theorem 3.4. 

Lemma 3.9. Let g' C 02 C gi C g, M, and S'-'"' be as in Theorem. 3.4- Then S'^'"' is a q' -submodule of 
M for every r. 
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Proof. Let u e S^'^\ Suppose that there exists g & q' such that g ■ u ^ S^^K In other words, there exist 
integers l,m,n^ni, 712 with l + m + n = r and ni+n2 = n and index sets ii, . . . , in-^, ji,- ■ ■ ,jn2i Ii,- ■ ■ , Im, 
and Ji, . . . , Ji such that 

^Jl,...,J, ° */i...,/™ o (i^l,...,^„, ® M,,,...,,„J(g • u) 7^ 0. (15) 

We set w' = $/i^...j^ o (Ljj^ j^ ^Mj^^...^;^, )(u). Since Lii^...,i„ (!^Mj^^,,,j^ and $/j_...j^ are g'-module 

homomorphisms, (15) imphes that u' 7^ 0. Furthermore, ^Ji....,j, (u') = 0, whereas ^ji,...,ji{g ■ u') ^ 0. 
This can only happen if an element Xi or yi appears in a monomial in u' in one of the positions specified 
by Ji, . . . , Ji. Let without loss of generality Ji = (1, 2) and let u' have the form 

u ^Xi®u'2®u'^®---®u'^^®u'^ ®---® u'*^ + u", (16) 

where M2, . . . , m^ G T^ and u'l, . . . , u^* G t4- If — gl(oo) then si = p — rii — ?Ti, S2 = q — n2 — m. 
Otherwise, si — p — n — 2m, S2 — 0. Then, $ji....,j, (u") = and 

5 • u' = (.9 • Xi) (g) M2 ® • • • ® m's^ «) u'l* (g) • • • ® m's* + Xi (g) u"' + g ■ u" . 
Moreover, $ji....,j, (xi ® u'") = 0. Assume at first that $jj^...^j, (g • u") =0 as well. Then 

$Ji,...„/,(.9 • u') ^ $j,((<? • X,) ® M2) ° *,/^...„/,'(w3 «) • • • «) <^ (8) < (8) • • • (8) O # 0. 
Here, if J2 = {hi) then J2 = {i ^ 2, j — 2) and similarly for J3, . . . , J/. 
Therefore, <I'j2,...,j, («') ^ 0. The last inequality and (16) imply that there exists an index im+i such that 

This is a contradiction with u G S''-''^ . 

If $71,.... J, (5 • m") y^ we can replace u' in the above discussion with u" , which has a strictly smaller 
number of monomials that u' . Thus in finitely many steps we will reach a contradiction with the choice 
of u, and this proves the statement. D 

Lemma 3.10. Let g' C 02 C gi C 9, M, and S'-'''^ be as in Theorem 3.4. Then for any u G 5'('-+2) y^l^'+i) 
there exists g G U{q') such that g -u E 5*''+^) \ S*'*"^ . 

Proof. We order the triples of numbers (n, to, I) lexicographically. Let u G 5'^''+^^ \ S'^''^^-' and let (n, to., I) 
with l + m + n = r + 1 be the largest triple for which there exist index sets ii, . . . ,i„j, ji, . . . ,jn2j 
Ii, . . . ,Irm and Ji, . . . , Ji such that 

$Ji,...,j, o$7i...,/„ o(L,^^...,,„^ ^M,,,...,,„J(w) ^0. 

Suppose first that n > 0. Then at least one monomial in u has an entry xt or yt. Without loss of 
generality we may assume that xt appears in u. Then we take 5 G g' of the form 

g == if{v[®v'*), 

where ip denotes as before the embedding g' ^-^ g. We choose i and j such that w** and w*^ do not 
appear in u for any s, at least one of them pairs non-degenerately with Xt, and they pair trivially with 
all basis elements from V2 which appear in u. Furthermore, w| and w| do not appear in u for any s and 
pair trivially with all basis elements from V2* which appear in u. Then 

*,/i,...,J, O $7i...,/„ O (i^l...,^„l ® Af,l,...j„J(g ■ U) = 

and there exist indices i'(, . . . , i'^-^^i such that 

*Ji,...,J, O $7i,...J„ O (i^i^...,^:^^_, ® ^Jl,...J„J(5 • m) ^ 0. 

Now suppose that there exists another triple (n', to,', /') with V + m' + n' = r + 1 for which there are index 
sets ii,...,i^,, j;,...,j;^, I[,...,r^,, and .][,...,.][, such that 

"1 "2 

But then there exists an index i'^i+i such that 

^7;,.. .,7' ° *7(....,7' , ° (i^;,....^' , .»' , ^, ® My y , )(w) ^ 0, 
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which contradicts with the choice of u. Hence, g ■ u E 5*^'"+^'' \ S^^'\ 

Now, suppose that n = 0. This means that u G soCg^M and u consists only of elements from Vi and I^i*. 
Notice that, when restricted to soCg^M, both maps $ji,...,j, and $/i,...,/^ are g'-module homomorphisms. 
Therefore, in this case the statement of the lemma reduces to the following claim. Let I + m = r + 1, and 
/i ,...,/,„ , and Ji , . . . , J/ be such that 

$Ji,...,j, o*/i,..../„(u) 7^0. 

Then there exists g G U{g') such that $,7i,...,,7, o $/i,...,/^(g • u) = and $j',...,j', o <&/',...,/' ^{g ■ u) ^ 
for some /{,..., /^, , and J{ , . . . , J^', with I' + m' = r. 

To prove this claim wc consider two cases. 

(1) Let $j^^ ?, o $/j^....j^(u) ^ with ^ > 1. Then we can apply Lemma 3.11 to the element 

^/i....,/m (w)- This yields an element g G U{q') and disjoint index pairs J(, . . . , Jj'-^ such that 

^J(,...,J,'_, o $/i, ...,/„ (5- w) 7^0. 

(2) Let <&o ° *I'/i,..../™(u) 7^ 0. Then the statement follows from Lemma 3.12. 

D 

Lemma 3.11. Let u G soCg^M be such that $jj 7;(w) ^ Jor some I and some Ji,..., J/. Then 

there exists g G t/(g') such that $jj /^ (5 • u) = and t/iere exists a collection J[, . . . , J[_^ such that 

$j(,...,j,'_,(5-")^0. 

Proof. Let u = mi + • • • + ut where without loss of generality 

ui = u[ ® u'( = u'j (g) Zi^ (g) • • • (g) Zj^^ (g) ij^ (g • • • (g) tj^^ , 

where m'j^ contains only elements from V2 and V2*- Then cither $,7^ 7,(^1) = or $ji,...,j, (ui) == 

^Ji,...,j, (u'l) g) w'/. The statement for $,7^ Ji{u'i) follows from Proposition 3.8. D 

Lemma 3.12. Let u G soCg^M be such that $/i....,/„(u) ^ for some m > and some /!,...,/„. 
Then there exists g G U{g') such that <&/i. ...,/„ (5 ■ u) = and $/' /' (g ■ u) =^ for some collection 
T' T' 

Proof The proof is analogous to the second part of the proof of Proposition 3.7. Let u be as in the 
statement of the lemma. Then u = ui + ■ ■ ■ + Uh and without loss of generality we can fix Ji, . . . , /„ such 
that ui has the form 

Ui —Zi^ g) Zi2 ® • ■ • ® Zi„ (g u'l (g iii (g ti2 ® ■ ■ ■ '^f ti^ - 

v^ (S) Zi^ (S) ■ ■ ■ (^ Zi^ (g) u[ (g) v^* (g) ti^ (g) ■ ■ ■ (g) ti^ 

Zi^ g) Zi^ g) ■ ■ ■ (g Zi^ (g w" (g u'l (g til (g ti2 g) • • • g) ^i™ ® v"* + u'l, 

for some j E L and some 77 = 1, . . . , fc. Moreover, $/i....,/„(ui) = 0. The elements U2, . . . ,Uh have similar 
form. Notice that if the basis vectors f| and w|*, s — 1, . . . , fc, appear in total at most t times in any 
monomial in u'l then they appear at most t + 1 times in any monomial va v"; g) zi^ (g ■ ■ ■ g) Zi^ g) u'l (g 
v"* (gti2 g> • ■ • g> ti„ ■ Let us take gi G q' of the form 

9t = ^{vlgiv'*), 

where (f denotes again the embedding g' C g. Then, if wf^ , . . . , vf^ ^ and wf*, . . . , wf* ^ , s = 1, . . . , fc, 
are vectors that do not appear at all in the expression of u, then (g^j^ o • • • o gi^^j^){ui) has the desired 
properties. We proceed in the same way with 712, ... , Uh to prove the statement. D 

Lemma 3.13. Let g' C 52 C gi C g, M, and S'^''' be as m Theorem 3.4. Then 8'-''+^^ / S'-''^ is a 
semisimple g' -module and 
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Furthermore, if N is a submodule of M then 

l+m+n—r 

Proof Let 5'("+i.™+i''+i) denote the g'-submodule of M of elements v with the foUowing properties: 

(1) V e soc(';+'^M; 

(2) 7r„(w) £ soc^7+'^(soc^"+'^M), where 7r„ : soc^"+''m ^ soc^"+''M; 

(3) TTmn o TTn{v) G socj^'/^-' (soc^!^^ (soc|,"^^-' M)) , where 

Notice that 5("'+i,™'+i^"'+i) c 5'(«+i^™+i,'+i) if and only if {n',m',l') < {n,ra,l) in the lexicographic 
order. Thus, we obtain a filtration on M 

C ^(I'l^l) C 5(1^1'2) ^ . . . ^ 5(l,l,L3i) ^ 5(1,24) ^ . . . ^ 5(l,L.i,L3.) ^ 
^(2,14) (^ . . . (^ g{LiX2.L3) 

where Li is the Loewy length of M as a gi-module and the other Us denote the Loewy lengths of 
the respective modules. Next, we take a coarser filtration in which only elements 5'("+i^™+i.'+i) with 
I + m + n = r appear and we intersect this filtration with S^'^'^^': 

5(2,l,r) ^ ^(r+l) ^ . . . ^ 5(2,r4) p ^(r+l) ^ . . . ^ ^(r+ia.l) p ^f-^+l). 

We build now the corresponding filtration on the quotient S^'^^^'' / S'^^\ 

c (S'(i^i'''+i) n 5(''+^) + S'(''))/5(^) c • • • c (5(''+i'i^i) n S'(''+i) + S'(''V5'^''^ (17) 

For any /, to, and n, we define the following maps: 

ni+n2=n ii<---<i„j 
il<---<jTi2 

<„- <J'/x,...,/„; 

i^r= K,...,j. 

{ji.--:Ji} 

Then Kq = Kq = Kq = id. Moreover, Kn and K!^ are g'-module homomorphisms for any n, whereas 
K'/ for Z > is just a linear map. 

Proposition 3.5 implies that iir„(soCg" M) = socg" M. Furthermore, Propositions 3.7 and 3.8 imply 
the following g'-module isomorphism 

K'/ o K'„^ o X„(5(«+i^'»+i.'+i)) - socJ+''(soc^!r+''(soc^'^+''M)). 

Thus, in what follows for n + m + I ~ r we can consider K'^' o K'^ o Kn as a map 

K'/ oK'^oKn-. 5("+i>™+i^'+i) n ^("-+1) ^ soc('+^'(soc(7+^\soc(:+^'m)). 

To prove that S^"^^^' / S^^' is a semisimple g'-module we proceed by induction on the elements of the 
filtration (17). First, Proposition 3.8 implies that 

K'; oK^oKo: (5(i^i'''+i) n 5(''+i) + 5W)/5(") ^ socJ+')(soCg,(soCg,M)) 

is an isomorphism of g'-modules. Hence (5*'^'^''"+^' n 5^''+^^ + S'''"^)/5'^^^ is semisimple. 
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Next, suppose that S'("'+i^'"'+i'''+i) n5(^+i) + S'(''))/S'('') is semisimple for some n' + m' + l' = r and that 

( c(n' + l,m' + l,l' + l) p c{r+l) , c{r)\ / c{r) ^ 

soc(r+^)(soc(;""+^'(soc(f+^)M)). (18) 

I" +m" +n"—r 
{n ,m ,/ )<(?^ -.m ,/ ) 

Let (n, m, I) be the immediate successor of {n' , m' , I') in the lexicographic order of triples of integers with 
sum equal to r. We prove next that (5("+i,™+i.'+i) n S<-''+^^ + S'(''))/5('') is semisimple. 

Take an element u e (5("+i,™+i^'+i) n 5(^+i) + 5(''))/S'('') of the form u ^ ui + ■ ■ ■ + u, + S'(''l Let 
without loss of generality 

ui = Xii (g) • • • (g) Xi„^ (g) u'l ® 2/ji g) • • • ® 2/j„2 + u", 

where ni + n2 = n and u" has less than n elements Xj and j/j. Furthermore, 

m'i = 2:sj g) • • • (g) Zs^ g) u'/' g) isi g) • • • g> is„ + uj'^-* , 

where u^ has less that m terms of the form Zi ®ti. Let the elements M2, • • • , u^ have a similar form. 
Then for any g e g' either g-u^O or g-u<^ g{n'+i,m'+i,i'+i) ^ ^.(r+i) _^ 5'(r))/5(r)_ ^^^ jj denote the 
submodule of (5'(«+i,™+i,'+i) n 5(^+1) + 5(^))/S'('') generated by all such elements u. Then 

Moreover, we claim that 

K'/ o <„ o i^„ : (5("+i,™+i^'+i) n ^('^+1) + ^('■))/^('-) ^ soc^'+'^(soci7+'Hsoc^'^+')M)) (20) 
is a well-defined surjcctive homomorphism of g'-modules with kernel (5*^" +I1™ +1.' +i)nS''^'"+"'^^+S'''"')/S'''"''. 

It is clear that the above map is well-defined. Moreover, it is a g'-module homomorphism since K'^' 
is a g'-module homomorphism when restricted to K'^ o ii'„((S''^"'^^''""'"^''+^''). To prove surjectivity we 
notice that for every u 7^ from the right-hand side in (20) there exists v G 5(n+i,m+i.'+i) such that 
K'/ oK'^oKniv) =u and 

• V e soc^"+^^M \ soc^"W, 



TT^iv) e soc(7+^)(soci':+^)M) \soc(r^(soci':+^^M), 

7r™„(«) € soc('+^)(soc(7+'Hsoc(r^W)) \ soc»(soc(T+'^(soc(r^V/)). 



But then v G 5'("+i.'"+i^'+i) n S^''+^'> . This proves surjectivity. 

The last step is to compute the kernel of the map K'/ o K'^ o Kn from (20). Suppose first that m ^ Q. 
Then the immediate predecessor of (n, m, I) in the lexicographic order is {n,m — 1,1 + 1). Thus we need 
to prove that 

keri^;" oK'^oK^ = (5("+i,™^'+2) n ^(''+1) + ^('^))/5("). (21) 

Clearly, kerii';' oK'^oKn 3 (5("+i,™.'+2) n 5(^+1) + S^""'^) / S^^^K To prove the opposite inclusion, let 
[v] G ker JsT;" oK'^o K„. Suppose first that K„{v) = 0. Then for some Wi and ^i, v G S'(",™i+i.'i+i) n 
gir+i) ^ g{n+i,m,i+2) nS'(''+i). Next, let V be such that i^„(u) 7^ and K'^{Kn{v)) = 0. But then 
V G S'("+i^"''+2) n 5(''+i). Finally, if X;„(X„(w)) j^ 0, it follows that v G S'^''). This proves (21). 

Now, suppose that m — and n 7^ 0. Then the immediate predecessor of {n,0,l) is {n — 1,1 + 1,0). 
Moreover, (5(",'+24) p S'(''+i) + S'(''))/5(^) C kerK'/' 0X^0 X„. And vice versa, if [v] G kerisT," oK'^oK^ 
is such that i^„(u) = then v G 5'(«^™i+i,ii-Hi) p 5(''+i) C S'("''+2'i) n S^''+'^\ Hence, 

keri^," oK^oKn^ ^S'^n,l+2S) ^ ^(r+l) ^ 5(r))/5(r)_ 

Thus, we proved (20). Moreover, (18), (19), and (20) imply 

(n',m',/')<(n,m,^) 
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This holds for every element in the filtration (17), so in particular S^^^^' / S^^' is semisimple and 

n+m+l—r 

Note that if iV C M is any submodule of M, then we can interesect the above filtrations with N and 
obtain 

(5('-+i) n N)/{S^-'> n TV) - socJ+^)(soc(7+^\soc(:+^'iV)). 

l-\-m-\-n—r 

D 

Theorem 3.4 shows that we can reduce the branching problem for embeddings of general tensor type to 
branching problems for embeddings of types I, II, and III. In the next section we will explicitly compute 
the branching laws for embeddings of gl(oo) C gl(cxD) of types I, II, and III and for any simple tensor 
gl(oo)-module V\^^. 

4. Branching laws for embeddings of gl(oo) into gl(oo) 
4.1. Embeddings of type I. Let g',Q = gl(oo) and let fl' C g satisfy the conditions 

SOCg,V ^ V ® Na, V/sOCg,V^Nb, 

soCg'K = K' ® Nc, K/soCg/K ^Nd. 

So far we make no assumptions about the pairing between Na and Nc- First we extend the definition of 
the Gelfand-Tsetlin multiplicity m^ ^ to the case k = oo. More precisely, we define 



In other words. 



iT„ = lim TOx „• 

/c— >oo 



if mx „ = for all fc. 



'A.cr 



'X,a 

= I 1 if (7 = A, i.e. 771^ ^ = 1 for all k, 
oo if m^ ^ > 1 for at least one k. 



Furthermore, for convenience we set m^ a ~ ^ ^'-"" ^ ¥" '^ ^^'^ '^a a ^ -'^- ^^ ^^^^ refer to the values m-^ ^ 
for k S Z>o U {oo} as the extended Gelfand-Tsetlin multiplicities. 

We start with determining the socle filtration of any simple tensor £|-module Va,o C V^p. Before stating 
the general result we need two lemmas. 

Lemma 4.1. Let g' C g satisfy (22) with a = {). Then for any V\,o C V"®^ we have 

socJ+^Va,o= <A'^;,o, 



|A'| = |A|-r 



where rr^\\i are the extended Gelfand-Tsetlin multiplicities. 



Proof. Proposition 3.5 and the remark after it imply that 

^r+l)y^p^ ^^r^^y,^^^-^»p-r^ (23) 

il<---<ir 

Thus in the case a = it follows from (23) and Theorem 2.1 in [PSt] that 

—{r+l)y(,p ^ (An^- <E> (y')®P- - cyVi,,o 
^^^ |A'|=p-r 

for some multiplicities cx'. Moreover, property (1) of socle filtrations implies that soc^'^ va,o C 
soc^';+^V^P, hence 

^?^'Va,o= c',,Vl,,, (24) 



SOCg, 



|A'|=p-r 
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for some unknown c';^, . Thus, we only need to compute the multiphcity with which each V^, q enters 
the decomposition of Vx.o- Note that on distinct layers of the socle filtration non-isomorphic simple 
constituents Vy q appear. 

Let {wi}iez>o and {wf }iez>o be as before a pair of dual bases in V' and V^, and let {Ci}iez>o, {C}iez>o 
be a pair of dual bases in V and t4- For each n, put Vn ~ spanj^i, . . . , ^„} and V* ~ spanj^J", . . . , ^* }. 
The pairing between V and V^ restricts to a non-degenerate pairing between V^ and V*. Therefore we 
can define the Lie algebra 0„ = Vn®Vn- Furthermore, we set ()n = f)g H 0„ and b„ = bg fl 0„. It is 
clear that 0„ ^ sK*^) and that f)„ (respectively, b„) is a Cartan (respectively, Borel) subalgebra of 0„. 
Moreover, if we set V^ii == ^a.o H K?^: then for n > p, VJ^q is a highest weight 0„-module with highest 
weight (A, 0) with respect to b„. 

Now we apply the same procedure to 0'. We define Vj[ = spanju']^, . . . ,v'„} and V^'* ~ span{u'j*, . . . ,v'^}. 
We set 0; = K «) K*, i}'„ = Oj' n 0^, b^ = bg- n 0^, and V^'}, = Vi^„ D K®^- In this way we obtain a 
commutative diagram of inclusions 

fli ^ 92 ^ • ■ 




in which all horizontal arrows are standard inclusions. Then for large k each embedding 0J. — > Qm^ is 
diagonal, i.e. in our case 

where A^^ is some finite-dimensional trivial 0^-module. Moreover, if we set n^ — dim A^^ = codimy^ Vj^ 
then b = codimyl/' = limfc_).oo ""-fc- Thus, when b is finite we obtain that for large k all vertical embeddings 
in the above diagram are of signature (1, 0, b). In the case b = 00, for large k all vertical embeddings are 
of signature (1, 0, rife) with limfe_i.oo nk = 00. 

Let us consider first the case when b is finite. Then for large k we can use the Gelfand-Tsetlin rule for 
the embedding 0'^, -^ Qrnk and the module V^^ = V\,o n V^p to obtain the decomposition 

K"o'=-0<v^A?o- (25) 

A' 

Then (24) and (25) imply 

(soc('-+i)T/A,o)nt/«f/(socWy,,o)nK?f- m^v^v.o, 

|A'|=p-r 

and passing to the direct limit we obtain the statement. 

Next, let 6 = 00. Then from the Gelfand-Tsetlin rule we obtain 

(soc('-+i)VA.o)n<7(socWy.,onF«f)- ml';,,vi'^^„ 

\y\=p~r 

and passing to the direct limit we obtain the statement. D 

Lemma 4.2. Let 0' C satisfy (22) with 6 = 0. Then any Va,o C V^^ is a completely reducible q' -module 
and 

^A,O=0<v^A',O, 
A' 

where rn'^ y are again the extended Gelfand-Tsetlin multiplicities. 

Proof. When 6 = the map / from (10) is just the zero homomorphism, hence Proposition 3.5 implies 
that V\fl is completely reducible. Therefore, we only need to compute the multiplicity of each Vy q in 
the expression of V\fl, and this is done in the same way as in Lemma 4.1. D 

Now we can state the branching rule for Vx^o for arbitrary values of a and b. 
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Theorem 4.3. Let g' C g he an embedding which satisfies (22). Then for any Va,o C V^p 

A" |A'| = |A"|-r 

Proof. Let {f^} and {v'*} be as before a pair of dual bases in V' and V"/. Let 

V = span{xi}ig7, U {ziji^i^ U {w-}iG/, 
K = span{/i}ig/^u/d U {wflie/, 

where Xi and Zj are as in Proposition 3.1 and fi is a collective notation for yi and i^. We divide the /^'s 
into two groups: those which pair non-degenerately with {zi}i^i^ we denote by //, and the remaining 
ones we denote by /". Next we define the subspaces 

V" ^ span{xi}ig/j, U {w-}ie/, 

K" = span{/n U {«n,e7. 

Then V" and F," pair non-degenerately and we set g" — V" V^'. The embedding g" C g satisfies the 
conditions of Lemma 4.2, hence 

Vx.o=^mly,Vi'„^o. (26) 

A" 

where by Vy, q we denote the simple tensor g"-modules. 

To see now how Vx.o decomposes over g' it is enough to see how each Vy, q decomposes over g'. The 
embedding g' C g" satisfies the conditions of Lemma 4.1, hence 

§55j+'V;;;,,o - mi„,,,Vi,,o. (27) 

|A'| = |A"|-r 

Then (26) and (27) imply the statement of the theorem. D 

An analogous statement holds for submodules of 14 ''. Here is the result. 

Theorem 4.4. Let g' C g be an embedding which satisfies (22). Then for any Vq^^ C V"* 

Now we are ready to state the theorem for any simple Pa./j. 

Theorem 4.5. Let g' C g &e an embedding of type I, i.e. which satisfies (22) and such that Na and Nc 
pair trivially. Then for any simple g-module Vx,^ C V^^'"^^ 

socJ+^Va,,^( J2 (socf^+^V.,o)0(soc(-+^Vo,,))nV^t^^«>. 

711+712— r 

Moreover^ 

ni+n2=r X" ,fi" |A'| = |A"|-rii 

m'I=Ia'"|-"2 



Proof. Note that 



( E (soc|,?^^'V®P) ^ (soc|,?^+^V®«)) n (Fa,0 Vo,^) 

ni+n2=r 

^ ((soc(r+^V,,o)®(soc(-+^Vo,,)). 



ni+n2=r 

Therefore, CoroUary 3.6 and the relation Vx,^ = ^/{p^'J} n (Vx^ «> K),^) from [PSt] imply 

socJ+^V,,^ = (socJ+iV^^^'>) n Vx^, = 

( E (soci?^^^V,,o)®(soc(r+iVo,,))nyt^^^>, 



ni+7i2=r 
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which proves the first part of the statement. To compute the layers of the socle filtration we notice the 
following. If {v4„j} and {Sn2} ^^^ families of modules over a ring or an algebra such that j4„j^ C A„-^j^i 
for all ni and i?„2 C -Bna+i fo'^ ^-^ '^2, then 

ni+n2— r ni+n2— r— 1 ni+n2— r 

In our case, if wc set An-^ — ^oc^?^ Vx.o and 5^2 = ^*^c^?^ Vb.^ we obtain 

( E K?^^iV,,o)®(soc(-+^Vo,,))/( 5: (soc(?^+^V,,o)®(soc(-+^Vo,,))- 

^1 +^2— ^ ni+n2— r — 1 



((socJ^+^V.,0) (soci-+^Vo,,)) - 



Tii+ri2=r 



(28) 



Ka""^A".A'^^,^""i'",p'^V,0«K,V' 



rai+n2=r A",^" |A'| = |A"|-"i 
Ia''I = IA'"|-«2 

where the second isomorphism is a corollary of Theorems 4.3 and 4.4. 
For shortness, let us denote 

SI,- E K?^^ V.,o) (soc(-+^Vo,,). 

ni+n2=r 

Then (28) and Theorem 2.3 from [PSt] imply 

ni+n2=r X'\f^" |A'| = |A"|-ni 
Ia''I = IA'"|-«2 

Clearly, soCg"^ Vx^p, C S0Cg'(5r /S*^^^). To prove the opposite inclusion let [u] e S^n/'^\~a ^^^^ 
[u] ^ 0. Let without loss of generality u = ca(ui) (g) 0^(1*2)7 where cx,Cp denote the Young symmetrizers 
corresponding to the partitions A,/i (see (4.2) in [FH]) and 

ui — Xi^ ^ ■ ■ ■ (S) Xi^_^ ® u\, U2 = Vji® • ■ • ® yj„^ (8> u'2 
such that ni + na = r and u[ e y'®(p-"i), uj, e y;®(9-"2)^ ^et .g e t/(g') be such that g ■ {u[ ® u'^) e 

y4p-ni,g-n2}^ Then 

Therefore, 

soc,K^A,./>5r;) ^ (SI, n ytP'^> + ^r;)/^r; - socJ+^Va,^. 

Thus, soc^'^ ^y\,^ = soCg'(55|^/S'^^"^). This proves the statement. D 

4.2. Embeddings of type II. Let g' C g be an embedding of type II, i.e. such that 

v^v'QNa, K-K'e^c 

By definition (see [PSt]), for any partitions A and ^ with |A| — p and \fi\ = q we have Va,^ = V^^''^^ (1 
(Vx.o (8) Vb,^). Below we determine the socle filtrations of Vx.o ® Vo.p. and of y^P^"?} and then use property 
(2) of socle filtrations to obtain the socle filtration for Va.^. 

Proposition 4.6. Let g' C g be an embedding of type II. Then 

(i) every Va.o C V®'^ and every Vq,^ C 14 "^ is completely reducible over g' and 
Va.o = 0"^a,a'V^A',o, Vb,^ = 0<M'K,M'; 

A' ^' 

(ii) /or yx,o ® Vb,^ '?t;e /i(2i;e 

socj+iv,,o®i^o,M = 0™ia'™^,^'C^",,c;:;,,^t/,'.,^.. 

A',/i' |A"| = |A'|-r 7 
Ai"l = lAi'|-»' 
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Proof. Part (i). Since V is semisimple over g', then so is V^^ and similarly for V®'^. Therefore, every 
^A,o C V^P and every Vo,fi C T4 is semisimple as well. To obtain the exact multiplicities, we proceed 
as in the proof of Lemma 4.1. 

Part (ii). From part (i) we have 

Hence, property (3) of socle filtrations implies 

soc^^^CT/xo ® K,,p) - ™Ia'™^,^'SocJ)(TA;,,o ® V^y). 

X' .fi' 

Then, using Theorem 2.3 in [PSt], we obtain the desired formula. D 

Proposition 4.7. Let q' a Q be an embedding of type II. Then for a G Z>o U {cxd} and a > p + q — 2, 

where Na is as in the proof of Proposition 3. 7. 

Proof. Equation (13) from the proof of Proposition 3.7 implies that 

$/„...,/. :socJ+iV{^-«>^ soc,,y^P-'-'«-'-> 

is an injective homomorphism of g'-modules. Now we will show that if a > p + q — 2, then for each r the 
above homomoprhism is also surjective. Without loss of generality fix the following collection of index 
pairs /i = (1, g — r + 1), . . . , /r = (r, q). Let v be an indecomposable element of 80c^'V^P~^''i^^^ . By 
indecomposable here we mean that v cannot be decomposed as a sum v — v' + v" such that all monomials 
in v' and v" belong to v and each of v' and v" is also an element of soc^iV^^^^''^^'^' . Then v contains at 
most p + q — 2r entries with distinct indices from the pair of dual bases {^i}, {ti\. Let ii, . . . , v be indices 
from la such that neither z^^ nor ti^, for k — 1, . . . ,r enters the expression of v. These exist thanks to 
the condition a > p + q — 2. In addition, let w^ and v'^ be a pair of dual elements respectively from V' 
and Vl which do not enter the expression of v. Then the vector 

U — Zi^ ® ■ ■ ■ ® Zi^ ® V ® ti-^^ ® ■ • ■ ® ti^ — Ui 

where 

Zi^®v'j^®Zi^®---®Zi^®v<S!)ti^®v'^®ti^®---®ti^ + V 

Zi^® ■ ■ ■ ® Zi^__^ ® v'^ <S!) V ® ti^ <S!) ■ ■ ■ ® ti^_-^ ®i v'l^ 

belongs to soc^^^ •'^/{p.9} and 

^i,,...jM=y- 

This proves surjectivity. Then the statement follows from equation (12) in the proof of Proposition 
3.7. D 

In order to obtain an exact expression for the layers of the socle filtraiton of V^P'"^^ also in the cases when 
a < p + q — 2 we will use another approach. This approach covers all cases in which a is finite. Therefore, 
in what follows, we fix a G Z>o. As is done in [PSt], for any index pair / = (i, j) as above we define the 
inclusion 

\\,a . ]\f{p-l-.q-l} _^ /V®(P.9) 

given by 

a 
Ul® ■ ■ ■ (E) Up^l ®ul®---® U*_i i-^ ^ . . . Mi_l ® Zk® Wj+l ® ■ ■ ■ ® U*_i ®tk® W*+i ® . . . , 

k=l 
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where Ui is an arbitrary element in Na and u* is an arbitrary element in Nc- Similarly, for any disjoint 
collection of index pairs /i, . . . , 7^, where r — 1, . . . , niin (p, q), we define the inclusion 

^ ii,...,/^ ■ ^ *a ^ ^ *a 

as the sum of the r-fold insertions of all possible ordered collections of r terms of the form Zi®ti, including 
collections with repeating terms. Then, following [PSt], we denote 

Furthermore, we set {Na)^ ' ~ Na ■ It is stated in [PSt] that for all a we have the direct sum 
decomposition 

where / = min {p, q) . 

Proposition 4.8. Let q' <Z Q he an embedding of type II such that a — dim A^a G Z>o- Then 

fe=o ;=o ^ ^ ^ ^ 



Proof. Note that every element u G p|^ ^ ker $/j^^..../^^j can be written as w = ui + ?i2, where 

fe=o ;=o ^ ^ ^ ^ 

U2 e Pi ker$/,,...,/^. 
/i, ...,/, 

Thus the statement follows from Proposition 3.7. D 

Next, we check that Proposition 4.7 and Proposition 4.8 give the same formulas for finite dimension a 
with o > p + g — 2. For r — this is obvious, so we prove it for r > 1. Note that for k or I smaller than 
r we have {Na)r =0 and so the formula in Proposition 4.8 can be rewritten as 

^{r+D yip.^,} ^ 00 l" P U 9 \ ^^^^{k+r.l+r} ^ y,{p-k-r..,-l-r} ^ 

k=0 1=0 ^ ''^z \ ''/ 
Hence, we have to show that 

J. )G:,.)'-");""'^"^„_e,cr) (';>."■"• <-> 

where i £ {*,... ,p} and j £ {1, . . . , q}. Having in mind that the set of all such collections of r disjoint 
index pairs Ii, . . . , Ir has (^j {1)r\ elements, we can further rewrite (29) as 

(iVa)^'^+'"^'+'-^ = iVi'^^'^ (30) 

{Jl,...,J.} 

where the sum runs over all collections of disjoint index pairs Ji, . . . , Jr with i G {1, . . . ,k + r} and 
j G {1, ...,/ + r}. Formula (30) holds when 

which is true precisely when a > k + I. And since k + I <p + q — 2<a for all r > 1, this completes the 
proof. 

Propositions 4.7 and 4.8 imply that in order to determine the layers of the socle filtration of T/^P'^j we need 
to determine the dimensions of the trivial g'-modules Na''^ for all a G Z>o U {oo}, and the dimensions 
of the modules {Na)r''^ for a G Z>o. Notice that Na'"^ has the same dimension as the gl(a)-modulc 
Vo . In particular, if a == oo, then 14 is just the gl(c>o)-module V^P'''\ which is obviously infinite 
dimensional. Similarly, (A^a)r '"^ has the same dimension as the gl(a)-module (T4)r '"^ (see [PSt] for the 
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notation). Thus, it is enough to determine the dimensions of the modules 14 and (Va)r''^ for any 
finite a. 

Schur-Weyl duality (see, e.g. [FH]) yields 

|Al=p 

Here, Hx (resp., iJ^) denotes the irreducible representation of the symmetric group &p (resp., &q) 
corresponding to the partition A (resp., fj,). VJJ'q denotes as before the irreducible gl(a)-module with 
highest weight (A,0). 



Furthermore, we have that 



where 



Ko®^o':m-02v:;'^a',^', 



A', /J.' 

5v:;' = 0^v,,<,, (32) 

ior a > p + q (see e.g. [K], [HTW]). For a < p + q, c^,^ , can be obtained from (32) by the modification 
rules in [K]. Then 

y^M ^00 g^;^^,VT,,,, ® {Hx ® H,). 

|A|=p A',/^' 

^1=9 

It is Stated in [PSt] that vH'^'^'''^ = (K)o^'''^ ® {Va)'f''^^ • • • ® (Va)^''^^ Furthermore, if ^f^,...,/^ denotes 
the r-fold contraction with respect to the bilinear pairing on VJj x V* then 

/i,...,-f.+i 
for r = 0, . . . ,L 

Next, we prove that each (T4)r '"^ consists of simple modules V^ u with |A| — p ~ r and |/i| — q — r. 
On the one hand, (31) implies that a simple module V^ with |A| = p — r and |/^| = q — r cannot 

be realized as a submodule of T4 '"^ '^ . Hence, yf , C Or r ker^? r . On the other 

hand, each contraction $f j '■ Va — > t4 '^''^ ^ is surjective, and hence at least one copy of the 

module V^ inside Va belongs to the image of $j^ j^. But all copies of V^ inside Va are 

isomorphic, hence every V^ inside Va belongs to the image of a contraction $f^ j^. This implies 



that V^^ i ri/i,..../, ker$f^ _f^. Therefore, 



(t4){p..} - £^;:;,F,«,^, ® {Hx ® H, 



\M=P |A'|=p-r 

m|— 9 \t^'\—q—r 



Finally, if we denote Kp^q ^ dim(T4)r '"^ then 



K^T'' ^J2Y. ^y'^' d™ ^A',p' dim Hx dim H^. 

|A|=p |A'|=p— r 
ImI=9 |Ai'|=<j-r 

In particular, for all a G Z>o U {cxd} 

-^P^9 = XI dimT/;('^dimi7Adimi7^. 

|A|=p 

ImI=<? 
The following theorem now follows from Propositions 4.6, 4.7, and 4.8 and property (2) of socle filtrations. 
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Theorem 4.9. Let q' C g be an embedding of type II, and let Va./^ C V^^''^^ Then 
where, for a G Z>o 



fe=0 i=0 |A'|=p-fc |A"| = |A'|-r 
\p,'\=q-l \p,"\ = \fi'\~r 



and for a G Z>o U {cxd} with a > p + q — 2 

T^'!^,.',," = -in( E ml„ml^^,4,^4^^, r\ (^) (^) (^ ^ ^) ('^ j ^) < dim if., dim if,.). 

The above discussion leads to the fohowing com.binatorial identity, which connects the dimensions of 
certain simple representations of the symmetric group with Littlewood-Richardson coefficients. 

Proposition 4.10. For any two partitions X' and fx' with \X'\ — p — r, |/i'| — q — r for some integers 
p, q, r the following holds: 



P\ 1 . 
r 

r I \r' 

\\\=p 7 

ImI=9 



! dim iiA' dim H^^i = X! X! '^y n'^^^l' ,i *^™ -^^ "^^ ^^^■ 



Proof. For a > p + q — 2 the following map is an isomorphism: 

This proves the statement. D 

4.3. Embeddings of type III. In this section we consider embeddings g' C g of type III, i.e. for which 

V^kV'®lVl, V^^lV'®kVl. 

First we derive the branching rule for diagonal embeddings gl(ri) C gl(fcri + In) of signature {k,l,0). We 
decompose the embedding gl(ri) C gl(fcn + In) in the following standard way: 

gl(n) C gl(n) e gl(n) = gl(n) gl(n) C gl(fcn) g\{ln) C gl(fcn + In), (33) 

where the isomorphism gl(n) © g^{n) = g^{n) gl(r7,) is given by 

{A,B)^{A,-B^) 

for any A,B ^ gl(")- The other maps in (33) are the obvious ones. Recall from Proposition 2.4 from 
Section 2.2 that for diagonal embeddings gl(n) C gl(fcn.) the following branching rule holds: 

•^A.^igUn) - KU ^(;3+,...,;3+)(;3-,...,;3-)^(ft+,...,/3 + )(/3-,...,;3-)'^>'.M'' ^•^^> 

ft-.- -A" 

where the coefficients C) + „+w„- „-, and i), +^ r+mr- r-\ ^""^ ^^ ^'^ Section 2.2. 

(Pi ,---,Pi^ )(Pi .■■■,Pfc ) (Pi .■■■iPfc )(Pi .■■■iPfc ) 

Thus, the decomposition (33), formulas 2.1.1 and 2.2.1 from [HTW], and equation (34) yield 



yik+Dn ^ (^:^J^'^') /^(7+.7 ) r)(<T+,'T ) 

^.M 4gl(„) VP (7+,7-),(<5+,'5-)^(a+,...,a+)(Qr,. ..,«-) (a+ ,...,«+)(«- ,...,«- ) 

^(/3+,...,/3 + )(;3-,...,;3,-)^(/3+,...,/3 + )(0r,...,/3r)V+.<^-),(^-,^ + )'^^'.A''' 



(35) 



where the sum is over all partitions 7+, 7 ,S^ ,6 , af , . . . , a^ , Oj^ , . . . , a^ , cr^, ct , P^ , . . . , /3;^, (3^ , . . . , fS^ , 

T+,T-,A',Ai'. 
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Theorem 4.11. Consider an embedding q' C g of type III. Then for each Vx./j C T/®(P''?) 



m=On=0 \X'\=m+n-r 

Im \—'p-\-g — rn — n — r 



where 



(36) 



^A',p' -Z^'=(7+,7-),(5+,'5-)*"(a+,...,c+)(a-,...,a-)^(a+,...,a+)(ar,...,a-) 
^(;3+,...,ft+)(;3-,...,;3r)(/3l+.-A+)(/3r.-A")V+^--). (--.-+)■ 

Proof. Property (3) of socle filtrations implies 

gQg(';+l)^i»(p,9) ^ /d:^ /d:> [ ^ ] ll\j^(m+q-n)i(n+p-m)^^^(r+l)y,^{rn+n,i}+q-rn-n) 

Then from (36) and from Theorem 2.2 in [PSt] we obtain 

m=On=0 |A'|=m+n-r 

|/^'|— p+q — m — n — r 

for some multiplicities a_;^/^„/ • Since on the different layers of the socle filtration non- isomorphic modules 
appear we can compute the multiplicities Oy'^ , in the following way. We take bases of V',V^,V, and 
K as in the settings before Proposition 3.1. Then we construct exhaustions of g' and g to obtain a 
commutative diagram of embeddings in which all vertical arrows have signature (fc, 1, 0). Thus from (35) 
we obtain the values of the multiplicities. D 

For all other cases of embeddings the derivation of the branching laws follows the same ideas as for the 
pair g',g = gl(oo). Therefore, we do not give here the explicit computations and list only the end results 
in the Appendix. 
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5. Appendix 



Embeddings of type I 


gl(r,T/')Cgl(V,K) 

socg-y ^V'®Na, y/socg-y ^ Nb, 
socg.v; ^V® N,, K/soCg,K - Nd, 


ni+n2=r |A'| = |A"|-ni 

(see Section 4.1 for the notations) 


MV) C sp{V) 


A" |A'| = |A"|-r 


so(F') C so(F) 

SOCg.y = y © Na, y/sOCg,y ^ ATfc, 


A" |A'| = |A"|-'' 



Embeddings of type II 




p-r q-r 




g\{v\v:)cgi{v,v,) 


fe=0 /=0 |A'|=p-fc|A"| = |A'|-r 




V^V'(BNa 


where for a G Z>o 




K ^ K' ® N, 


^A''.M',A".M" =min() !K,a'^;1,m'Ca'',7<'',7' 

and for a G Z>o U {cxd} with a > p + q — 2 
7^A''.::',A".^" =niin(> ;m^,,,m^,^,c^;,,^c;;„_^ , 






^r^^'' - E E 2^!^' dim TA,", ,^, dim Hx dim i/^ , for a 


eZ>o 




|A|=p|A'|=p-r 






ImI=9 |/i'|=(J-r 






XW ^ y^ dimtA,"^ dimi^A dimi/^, for a G Z>o U {oo} 

|A|=p 






1^1=9 

(see Section 4.2 for the notations) 
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Embcddings of type II 



sp(t/') C sp(y) 



d-2r 



s=0 |A'|=d-s |A"| = |A'|-2r 



where for a G 2Z>o 



s + 2r 



i^i;tr'dimi7A..} 



and for a <E 2Z>o U {oo} with a > 2d — 2 

-^d*^^^' =51 J2 ^y d™^(A'> dimiJA, for a G 2Z>o 



A|=d|A'|=d-2r 



ify' = Y^ dim V^"^^ dimi?A, for a G 2Z>o U {oo} 



A|=d 



VR^x denotes the simple sp(a)-module with highest weight A 
H\ is the simple 6p-module corresponding to A 

is defined by Ko^,p(„) = 05a'V^(a'> (PTW], [K]) 



;;A 



d-2r 



so(F') C so(F) 



S^r^%1^0 ^a\a"^'a"] 

s=0 |A'|=d-s |A"| = |A'|-2r 



where for a G Z>o 
T,\^„=min{^mX_;,,c<^;,2 



2^'U + 2r 



Xi;t'^dimi/A"} 



and for a G Z>o U {cxd} with a > 2d — 2 

T,\,„ . minf^ K,A-^;'2., H n n f^ - 2ry (,) ^.^^^^^^_ 



if 



(r+l) 



^ - X! X! ^^' ^™^A'] dimi^A, for a G Z>o 

A|=d |A'|=d-2r 

if^' = ^ dim V[^] dimi^A, for a G Z>o U {oo} 

A|=d 

V^^i denotes the simple so(a)-module with highest weight A 

H\ is the simple (3p-module corresponding to A 

5^, is defined by V^o^,^^^^ = 05a'^[A'] (PTW], [K]) 
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Embcddings of type III 




p q 




gl(r,K')cgl(F,K) 


m=On=0 \X'\=m+n-r 

\^' \—p+q—m — n — r 




V^kV'(B IVl 


where 




K "^ IV © kVl 








^y.t^' ~ 2^ ^(7+,7-),(<5+,5-)'-'(a+,...,a+)(ar,....a,-)^(a+,...,a+)(a-,. 


..,a^) 










(see Section 2.2 for the notations) 




sp(t/') c sp(t/) 


-4'^^^^(A)^ e ^A^nA')' 

A'|=d-2r 




V^^kV 


where 

^A^- >; <„..,,,<....,,,, for fc>2 

/ji,...,/ifc,A' 

C^' - i^ «;:,.<., for k = 2; 

/J, I/, A' 
/(A — \ ' n^ rt"! 0"'=-'' 0"*-=^ 

Ml.-'-iMfc /_^ "o!i,/^i"'Q2,A'2 ■ ■ afc-2,Mfc-2 Mfc-l,Mfc' 

ai,...,Qfc_2 
^A ^ V ^ ^ai ^02 ^afc-2 ^A 

Ql,...,Qfc_2 

<5,7 
a,^:7 




so(F') c so(F) 


\X'\=d-2r 




V^^kV 


where 

^A^= >; <„..,..<....,.., for fc>2 

Ca"' = > ; a;:..<., for ^ = 2; 

/(A — S ' o-^ ry"! o"'=-3 n"''-^ 
^til....,tik / , "ai.Mi "2,^2 ■ • •"afc-2,A'fc-2"Mfc-l,A'fc' 

ai,---,Qfc-2 

nA _ V * ,ai 702 ^"fc-2 h^ 

-^/^l,...,/^fc / , "/ii,/^2 ai,/l3 • • • '^Qfc_3,/ifc_i'^afc_2,Mfc' 

0!l,---.afc-2 
<5,7 










a.,P,1 
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Embcddings of type III 



sp(y')cgi(y,K: 






cr|— p+Q — 2r 

where for fc — 1 
and for fc > 2 

^'^ - Z^ Z^ ^(a+,...,a+)(ar...,a-)^(a+...,a+)(ar,-.".-)"'3 "(27)^^/3(25)^ 
- — a.n.y 

(see Section 2.2 for the notations) 



so(r)cgi(y,K) 



cr|— p+Q — 2r 

where for k — 1 

rjA,^ _ V^ <j A u 

-°CT — Z^ '-a/3'-Q(27)^/3(2<5)' 
a,/3,7 

and for fc > 2 



Z^ Z^ '-'(«+, ...,a+)(a^,...,a^)(a^...,a+)(a^.■■■,"^)"'^"( 



(27)''/3(25) 



— - ot-B.-y 



?i(y' , K') c sp(y) 



V ^kV (S kV! 



^(r+l) 



'^'\>^) = A'y^.'Vi,,. 



-0 |A'|— m— r 



where for fc = 1 

^A',^' — / .'^A'.u'S.25; 

7,(5 

and for fc > 2 

^A',M' = Z^ 



^7 ^A ^(Ai.Mi) 



i(V,m') 



-t,5M:P.i i3+,...,l3+ 



E„7 „A ^V^l.PU p)\ ., , 

CAi,miS,25L^(^+,...,^+)(^-,...,^-)^(^+,...,^+)(^-,...,^-) 



5i(r , v:) c so(y) 



y ^ fcF' © fcK' 



'^'\m = ^A^,.^^;;^.. 



Jn=0 \\'\=m-r 

where for fc = 1 

7,(5 

and for fc > 2 

A 



B 



X' ,1-l' 



E E 

7,(5,Ai,^i /3+,...,/3+ 



~,(Ai,/^i) 



.(V^A"') 



7 „A ^v^i,A»i; r)^ 
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Embcddings of type III 


so(y') C sp{V) 


\X'\=d-2r 




V ^ 2kV' 


where for fc = 1 

/lA _ \ ' ^'t n^ r-^' /,^l ^^1 
"^A' — 2^ '-Ai,^iS,2<5'-a,/3'-a,2CT''/3,2T' 

7:<5,Ai,/ji 
a,/3,(T,r 

and for fc > 2 






/lA _ \ ' 7 „A ^iAi,Mlj r)*^-^2,A*2) 
^A' -Z^C^i,MiS.2^^(/3 + ,...,,3 + )(/3r,...A~) (/3i+.-A+)(/3r.- 


„A' A2 U2 




(see Section 2.2 for the notations) 




sp{v') c so(y) 


A'|=d-2r 




V ^ 2kV' 


where for fc = 1 

/(A _ \ ' ^7 „A A' Ai ui 
^A' - 2^ C^i,^iS,(2<5)^'^a,/3'^a,2<TC^,(2r)T' 
7,i5,Ai,/ii 

and for fc > 2 






/lA _ \ ' 7 „A ^(Ai,^ij T-)IA2,A'2J 


„A' A2 „A'2 
,,, ,3-)'-a,/3'-a,2CT^/3,(2T)T' 
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